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Abstract 

In this paper we generalize a theorem of M. Hilsum and G. Skandalis stating that the C*- 
algebra of any foliation of non zero dimension is stable. Precisely, we show that the C*- 
algebra of a Lie groupoid is stable whenever the groupoid has no orbit of dimension zero. We 
also prove an analogous theorem for singular foliations for which the holonomy groupoid as 
dehned by I. Androulidakis and G. Skandalis is not Lie in general. 


1 Introduction: Statement of the theorem and the steps 
of the proof 

The aim of this paper is to generalize Theorem 1 of [1] stating that the C^-algebra of any 
foliation (of non zero dimension !) is stable. 

Theorem 1. Let G be a Lie groupoid with a-compact Assume that at every x E Gio) 
the anchor tlx : 0x —t T^G^^^ is nonzero. Then G*{G) is stable. 

In other words, G*{G) is stable whenever G has no orbit of dimension 0. 

The converse is also true if G is s-connected. Indeed, if G is s-connected and the anchor at 
X is the zero map, then the orbit of x is reduced to x. Therefore G*{G) has a character: the 
trivial representation of the group G^. 

Since the reduced C'*-aIgebra G*{G) of G is a quotient of G*(G), it follows that it is also 
stable when G has no orbit of dimension 0. 

Here however, the converse may fail for the reduced G*-algebra: the reduced G*-algebra of 
the group PSL 2 {M.) is stable! 

Our proof is not very different from the one of [Tj and based on Kasparov’s stabilisation 
theorem (0). Note that, unlike in [1], we do not assume the space G*'^^ to be compact - but 
this is actually a rather minor point. 

The proof is as follows. 

^The authors were partially supported by ANR-14-CE25-0012-01. 

AMS subject classification: Primary 58FI05. Secondary 46L89, 58J22. 
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1. Let X G There is a section Y of the algebroid 2t(G) whose image under the 

anchor is a vector held X satisfying X{x) 7 ^ 0. Taking a local exponentiation of X we 
obtain a relatively compact open neighborhood W diffeomorphic to f/ x M where X is 
proportional to the vector held along the M lines {n} x M. 

This step will be clarihed in section 12.11 

We thus choose a locally hnite cover {Wn) by relatively compact open subsets and 
diheomorphisms /„ : x M —)■ Wn such that W'n = fn{Un x M) cover with Un 

relatively compact in Un- Let Pn ■ Wn Un be the composition of with the 
projection x M —)■ Un- 

2 . One may then construct a locally hnite family of open subsets Vj of such that: 

• Every Vj sits in a Wn{j) and its intersection with each line fn{j) {u x M) is an (open) 

interval. More precisely, fn(j)iyj) is of the form {{x,t) G ^n(j) x M; (pj{x) <t < 
(p'^{x)} where ■ Un{j) K are smooth and — pj is nonnegative with 

compact support. 

• The Vj are pairwise disjoint and locally hnite: every compact subset of M meets 
only hnitely many 1 ^’s. 

• For every n, the Pn{Vj O Wn) cover U'^\ we have U'^ <Z PniYi O Wn)- 

i; ri{j)=n 

The details of the constructions of the 1^’s are given in section [2]2j 

3. Let then qj be the characteristic function of Vj- We prove that qj is a multiplier of 
C*{G)- By local hniteness, the characteristic function q = ’’^^qj oiV = Vj- is also a 
multiplier of G*{G)- 

See section section 13.31 

4. We show that qG*{G) is a full Hilbert submodule of G*{G) (see corollary [9] - section 

5. Considering a natural diheomorphism Vj ~ PniVj) x ]0,1[, it follows that the Hilbert 
C'*(G)-modules qjG*{G) and qG*{G) are stable. 

6 . Using Kasparov’s stabilisation Theorem ([5]), it follows that G*{G) is stable. 

This follows from corollary [B] - see section 13.41 

In section m we prove an analogous theorem for singular foliations in the sense of [1]. We 
prove: 

Theorem 2. The G*-algebra of a singular foliation (as defined in m which has no leaves 
reduced to a single point is stable. 

The main steps of the proof are the same as for theorem [T] Using vector helds along the 
foliation, we construct the same small open subsets Vj. Note that, in proving that the char¬ 
acteristic functions of these Vj are multipliers of G*{M, X), we chose to take a somewhat 
different path in order to shed a new light to it. This led us to construct groupoid homomor- 
phisms between singular foliation groupoids 1 section IT72]) . Of course, we could have used the 
same kind of proof as for the Lie groupoid case. 
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Geometric constructions 


2.1 Nonzero vector fields in the algebroid 

Let M be a smooth (open) manifold, x a point of M, and let X & X (M) be a smooth vector 
held with compact support on M such that X{x) ^ 0. Denote by d'x = (^x)t6R fhe how of 
X. One can hnd a codimension one submanifold U oi M and a neighborhood J of 0 in M such 
that the restriction of to 17 x / is a diheomorphism onto an open (tubular) neighborhood 
ID of f/ in M. In other words, 17 is a codimension one submanifold of M which contains x 
and which is transverse to the integral curves of X. 

If G is a Lie groupoid and Y a section with compact support of its Lie algebroid such that 
the vector held X := \]{Y) doesn’t vanish on a point x G let Zy be the associated right 
invariant vector held on G and ^Zy its how. We have r o = d/* o r. 

Applying the construction above, one hnds a codimension one submanifold U of and a 
neighborhood / of 0 in M such that the composition map 

is precisely the restriction of the how d/x of to 17 x J and thus a diheomorphism onto an 
open neighborhood hh of x in G^°\ Note that s o d/^y is the projection 17 x J —)■ 17. 

Now the following maps are diheomorphisms : 

G^ X J ^ G^ G^ X / X J ^ G^ 

(7,f) ^ d^zy(r(7),f)7 (7,t,A) ^ d^Zy(r(7), f)7d^Zy ( 5 ( 7 ), A)"^ 

2.2 Construction of the family Vj 

In this section, we explain the construction of the 1^’s. 

The construction above yields a locally hnite cover (Wn) by relatively compact open subsets 
and diheomorphisms /„ : 17„ x M —)■ Wn such that = fn{U'^ x M) cover G*'°^ with 17)) 
relatively compact in Un- We will often identify Wn and 17„ x M under /„. 

Let Pn ■ Wn —)■ Un be the composition of with the projection 17„ x M —)■ 17„. As (Wn) is 
locally hnite and is a-compact, the set of indices is countable; we identify it with N. 

• First, choose a (Riemannian) metric d on G*'^^ 

• For every n G N, let £„ > 0 be small enough so that, for every m G N such that 
Wn n Wm 7 ^ 0, and every x G U^, d{fm{x, -1), fm{x, 1)) > Thus if Wn Fl Wm 7 ^ 0, 
for every x G : diam(/m({x} x M)) > 

• Let n G N. Assume that we have already constructed a hnite set with a map, 
j I—)■ n{j) from to N with n{j) < n and a family of open sets (V))jgj„ with pairwise 
disjoint closures satisfying, 

yi < n, U'^ C IJ PiiVj), diam{Vj) < en(j). 

j; n(j)=e 
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By the diameter assumption, for every x G U^, the set fn{{x} x M) is not contained in 
a Vj with j G Jn'i therefore fn{{x} x M) is not contained in Vj (by connectedness 

of M). 

By compactness, we may then construct a hnite cover of by open subsets of 

Un and open intervals li in M such that fn{Ai x Vj = ^ and di&m{fn{AiXIi)) < 

^ 71 ' 

Replacing the J^’s by smaller intervals, we now further assume that the Ii with i. E J'^ 
are pairwise disjoint. One then constructs for each i G J'^ two smooth functions Lpf : 
Un —)■ h such that > (pjT and such that A^ = {x & Un] < (pj^(x)}. 

Let then Jn+i be the disjoint union of Jn end For £ G J'n, put Vi = /„({(x, t) G 
Un X R; <t < (p^(x)}) and dehne n{£) = n. 

• We will also use the diffeomorphism hj : Aj x ]0,1[ ^ Vj given by 

hj{x, t) = fn(j) (^X, (1 - (x) + tcp^ (x)j . (^) 

• We thus construct the family (Vj) inductively. Every compact set meets only hnitely 
many VRi’s and therefore hnitely many 1^’s since Vj C Wn{j) and {j; n(j) = n} is 
hnite. 


3 Hilbert modules 

3.1 Stable Hilbert modules; full Hilbert modules 

We start by briehy recalling some now classical general facts on Hilbert modules. The basic 
reference for them is [S]. See also e.g. 0E]. 

Let H be a separable 0*-algebra. 

Definition 3. A separable Hilbert A-module E is said to be 
Stable if it is isomorphic to ® E. 

Full if the vector span of the set of products {x\y) with x,y ^ E is dense in A. 

We have: 

Proposition 4. 1. Let J be a countable set and [Ej)j^j a family of (separable) stable 

Hilbert A modules, then Ej is stable. 

j&J 

2. A separable Hilbert A-module E is stable if and only if the C*-algebra )C{E) is stable 
(see e.g. Facts 4H]). □ 

Let us also recall Kasparov’s stabilization Theorem. Put Ha = 0 A. 

Theorem 5 (Kasparov’s stabilization Theorem). For every separable Hilbert A-module E, 
the Hilbert A-modules Ha and E © Ha are isomorphic. □ 
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The following statement is an immediate consequence of Kasparov’s stabilization theorem. 
We outline a proof for completeness. 

Corollary 6. 1. A separable full and stable Hilbert A-module is isomorphic to Ha (cf. fSl 

Prop. 7 . 4 , p. 73]). 

2. If E is a separable Hilbert A-module and p G C{E) is a projection such that pE is full 
and stable, then E is isomorphic to Ha- 

Proof. 1. Put B = K,{E) and E* = IC{E,A) considered as a Hilbert B module. Since 
E is full, we hnd IC{E*) = E* E = A. Since E is stable, the Hilbert H-module 
B is isomorphic to Hb, therefore, using Kasparov’s stabilization theorem, we hnd an 
isomorphism u \ B ^ B ® (£^(M) ( 8 ) E*). We thus obtain an isomorphism of Hilbert 
H-modules u^b Ie between E = B ®b E and E © (£^(N) ® E* ®b E) ~ Ha- 

2. Write E = pE © (1 — p)E ~ Ha © (1 — p)E ~ Ha- □ 

3.2 Hilbert module associated with a transverse map 

We now recall the rather well known construction of generalized smooth transverse maps 
M —)■ G from a manifold M to a smooth groupoid G. This construction is useful in steps S] 
and [5] of the proof of our theorem as explained in section 1. Note that we actually only use 
it for a (locally closed) submanifold M C transverse to G. 

Definition 7. Let M be a smooth manifold and G a smooth groupoid with algebroid 21 and 
anchor []. A smooth map f : M ^ G^^^ is said to be transverse to G if for every x G M, 
d/,(T,M) + ^/(.)2l_f(.) = 

The graph of a smooth map f : M ^ G® is the set T-^ = M Xg-(o) G = {(x, 7 ) G M x 
G; f {x) = r( 7 )}. 

Equivalently, / is transverse if and only if the source map s/- is a submersion, where s/ : 
T^ ^ G® is the map (x, 7 ) 1 -^ 5 ( 7 ). 

We will in fact only use the case where / : M ^ is the inclusion of a (locally closed) 
submanifold M of G^^\ Then, T-^ = G^ = {7 G G; r{^) G M}. 

For the sake of completeness, we recall also the notion of a generalized transverse map. 

Let G be a smooth groupoid, M a smooth manifold. A generalized morphism / : M —)■ G is 
given either by: 

A cocycle : An open cover (Ui)i^i of M, smooth maps fi : Ui ^ G^°^ and smooth maps 
fij : Ui D Uj ^ G satisfying r o f^j = f^^ s o f^j = fj and, for all x E Ui H Uj O Uk, 
fikix) = fij{x)fjkix). 

The graph of / : A set T^ which is a G-principal bundle over M. We therefore are given 
maps rf ■. ^ M which is a smooth surjective submersion and sj : T-^ —)■ with 

a right action of G which is a smooth map (x, 7 ) i-G- 0:7 from T-^ Xg(o) G = {(^, 7 ) G 
xG; Sf{x) = 'r( 7 )} to T-^. This action is assumed to be proper and free with quotient 
M: 

Proper means that the map (x, 7 ) 1 -^ {x,x''f) is proper from Xq(o) G to T-^ x T-^. 
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Free means that the map {x, 7 ) 1 -^ {x, xj) is injective. 

The quotient is M means that for a pair (x, y) ^ x there exists 7 G G with 
xj = y ii and only rf{x) = rf{y). Note that by freeness, this 7 is unique. We will 
denote it by x~^y. 

These three conditions altogether mean that the map {x, 7 ) eG {x, xj) is a diffeomor- 
phism from F'^ X(5{o) G onto F-^ Xm T-^ = {(x,y) G F'^ x F'^; rf(x) = rf(y)} - whose 
inverse is {x,y) e-)■ {x,x~^y). 

Given a cocycle (/*), (fij), we obtain the graph F-^ by gluing the graphs F'^* thanks to the 
fi/s. Conversely, we obtain a cocycle out of F-^ by means of local sections of the submersion 
r/ : F-^ —)■ M. 

The generalized morphism / is transverse to G (or a submersion from M to the ‘bad manifold’ 
( 7 ( 0 )/( 7 ) if sj ; F'^ —)■ is a submersion. This is equivalent to saying in the cocycle vision 

that the maps /* are transverse to G. 

If / is transverse to G, the map (a:, 7 ) i-G- 7 is a submersion from F-^ Xq{o) G into G, whence 
the map (x, y) i-G- x~^y is a submersion from F-^ Xm T-^ to G 

It then dehnes a Hilbert-G*(G)-module G*(F'^); this is the completion of Gc(F'^) with respect 
to the G*(G)-valued inner product given (using 1/2-densities) by 

{9\h){l) = / g{x)h{x'y). 

Sf{x)=r{'y) 


Let us state the following easy fact which is important for our constructions: 

Proposition 8. Let f : M ^ G be a generalized transverse morphism with graph F'^. The 
module G*{V^) is full if and only if Sf : —)■ G'-^^ is onto. 

Proof. The image of the submersion sj- : F-^ —)■ G^°^ is an open subset U of G*-®/ Using the 
action of G on F-^, we deduce that U is saturated in G^°^ - i.e. if r(7) G U, there exists x G F-^ 
with r(7) = Sf{x); then 5(7) = Sf{x'j) G U. 

The image of the map {x,y) i-G x~^y from (dehned on F'^ Xm F-^) is G^. 

It follows that the inner products {g\h) with g,h ^ G/°(F'^), span a dense subset of Gf°{G^). 

If G = G^^\ these scalar products span a dense subspace in G*(G); if G 7 ^ G*'^^ they all sit 
in the kernel of a regular representation associated to any point x ^ U. □ 

Note that if M is a submanifold of G^°^, this condition means that M meets all the G orbits. 
Let us state this proposition in the precise way we will need to use it: 

Corollary 9. Let G be smooth and V an open subset of G^^\ Consider Go(U) as sitting in 
Go(G^°^) and therefore in the multiplier algebra ofG*{G). Assume that every orbit of G has 
a nonempty intersection with V. Then Go(U)G*(G) is a full submodule of G*{G). □ 
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3.3 The characteristic function of Vj is a projection 

We prove here that the characteristic function qj of Vj is a multiplier of C*{G), i.e. that 
Co{Vj)C*{G) is orthocomplemented in C*{G). 

Indeed, put n = n{j). We may write Qj = 'djqj'&j where 'dj is a smooth real valued function 
on G^^'^ with support in Wn which is equal to 1 on Vj. It is then enough to prove that 
qj G C{G*{G^”)) viewing 'dj as an element T^. e £(C*(G); and write qj = T^.qjT^.. 

Using the identihcation between Wn and x M coming from the diffeomorphism /„, we may 
write G*{G^-) = (Go(f/„) ® L^(M)) 0Co(c/.) G*{G^-). 

The characteristic function of Vj is given by a (*-)strongly continuous map from Un to 
G(L^(M)), and therefore is an element Qj G C{Go{Un) ® L^(M)). Therefore qj = Qj ^Co{u„) 1 
is in 

Note also that Qj is the ^-strong limit of a sequence {6k) of smooth functions on Un x M: 
put 9k{x,t) = (f){k{t — (p~{x)))(f){k{(p~^{x) — t)) where 0 : M —)■ [0,1] is a continuous function 
vanishing for t < 0 and equal to 1 for f > 1. It follows that the range of qj is (the closure 
of) Go(I0)G*(G). It is the Hilbert G*(G)-module G*(G^^) corresponding to the inclusion 
Vj G®. 

Now the projections qj are pairwise orthogonal and, by local hniteness, the sum E qj is 

strictly convergent. Indeed, the sum '^^qj^ has only hnitely many nonzero terms for ^ G 
Gc{G). 

3.4 Stability 

Stability of qjC*{G). Using the diffeomorphism hj : Aj x ]0,1[ Vj (see section YITA 
formula (^)), we deduce a diffeomorphism G^^ ~ G^^ x ]0,1[, whence an isomorphism 
of Hilbert G*(G)-modules G*{G^Q ~ G*{G^Q ® ^^(jO, 1[). Therefore, the Hilbert G*- 
module qjG*{G) is stable. 

Stability of qC*{G). Since q = ''^^qj (^-strong convergence), it follows that qG*{G) = 

^^gjG*(G). Therefore qG*{G) is stable too. 
j 

Conclusion. It then follows from corollary |6] that the Hilbert G*(G)-module G*(G) is iso¬ 
morphic to 'Hc*{g)- The G*-algebra G*(G) = /C(G*(G)) = )C{'Hc*{g)) is stable. 

This ends the proof of theorem [1] 

4 Stability of the C*-algebra of a singular foliation 

4.1 The holonomy groupoid of a singular foliation 

The C*-algebra of a singular foliation was dehned in [1] . Let us briefly recall a few facts and 
constructions from [1]. 
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Recall that a foliation on a manifold M is defined in [T] to be a (locally) finitely generated 
snbmodnle stable by Lie brackets, of the C°°(M)-modnle A’c(M) of smooth vector helds 
on M with compact snpport. 

A bi-submersion of is the data of (iV, tat, sat) where iV is a smooth manifold, tat, sn ■ N ^ 
M are smooth snbmersions snch that : 

= C“(iV;ker (Isn) + C')?°(iV;ker dr at) 0. 

The inverse of (iV, tat, sa?) is (iV, sat, rAr) and if (T, tt, st) is another bi-snbmersion for T the 
composition is given by (iV, tat, sat) o (T, tt, st) := (-^ ^SN,rT o pv, st o Pt) , where pn 
and pt are the natnral projections respectively of N 'Xsi^,rT T on N and on T. 

A morphism from (iV, tat, sv) to (T, tt, st) is a smooth map h : N ^ T snch that ST^h = sn 
and rx o h = rjy and it is local when it is dehned only on an open snbset of N. 

Finally a bi-snbmersion can be restricted : if f/ is an open snbset of N, {U,ru, sjj) is again 
a bi-snbmersion, where ru and su are the restriction of tat and sn to U. 

For X in M, we dehne the fiber of iF at x to be the qnotient fFx = Tjlx^- Let X = 
e be snch that Aj, = ([^i]x)ie[i,ni is a basis of Xx- For any ^ e M^, 

n 

we consider the vector held := and we denote by its how at time s. We 

i=l 

consider the two smooth snbmersions from M x MF to M : 

{sx,rx) : M X R" ^ M X M ; (a:,0 ^ ' 

According to Proposition 2.10 and 3.11 of [1], one can hnd an open neighborhood W of {x, 0) 
in M X R"" snch that (kF, rvy,sw) is a bi-snbmersion, where the map r^y and sw are the 
restriction to W of the maps and dehned above. Snch a bi-snbmersion is called a path 
holonomy bi-submersion minimal at x. 

Notice, that any restriction aronnd {x, 0) of a path holonomy bi-snbmersion minimal at x, is 
again a path holonomy bi-snbmersion minimal at x. 

Let U = {Ui,ri, Si)i^i be a family of bi-snbmersions of X. A bi-snbmersion {U,ru,su) is 
adapted to U if for any u E U there is a local morphism aronnd u from U to a Ui for some i. 

A family U = {Ui,ri, Si)i^i of bi-snbmersions of X which satishes M = and the 

i&I 

inverse of any element in U is adapted to lA together with the composition of any two elements 
of U is an atlas. 

The path holonomy atlas is the family of bi-snbmersions of X generated by the path holonomy 
bi-snbmersions. 

The groupoid of the atlas U is the qnotient G{U) = Ujg/f/j/ ~ where f/j 3 n ~ n G Fj- if and 
only if there is a local morphism from Ui to Uj sending u on v. When {U,ru, su) belongs to 
U and u E U, let ns denote by [U,ru,su]u its image in G{IA). The strnctnral morphisms of 
G{U) are given by : 

source and range : s{[U,ru, su]u) = su{u),r{[U,ru, su]u) = ru{u), 

h : N ^ M is a smooth submersion h~^{X) is the vector space generated by tangent vector fields fZ 
where / G Cfi{N) and Z is a smooth tangent vector field on N which is projectable by dh and such that 
dh{Z) belongs to F. 



inverse : [U, ru, su]u^ = [U, su, ru]u, 

product : [U,ru,su]u ■ [V,rv,sv]v = [U Xsu,rv V,ru ° Pu, sy ^ Pv]{u,v) when su{u) = rv{v). 

The groupoid of an atlas is endowed with the quotient topology which is quite bad, in 
particular the dimension of the hbers may change. 

The holonomy groupoid of iF is the groupoid of the path holonomy atlas. 

4.2 Subfoliations 

A subfoliation F\ of a foliation is a submodule of F^ which is a foliation he. it is locally 
hnitely generated and stable by Lie brackets. 

In this section, we fix a foliation F 2 and a subfoliation F\ of F 2 - 

4.2.1 The atlas of compatible bi-submersions 

Definition 10. A bi-submersion (t/, r, s) of F\ is said to be compatible with F 2 if ^”^(-^ 2 ) = 

Proposition 11. 1. For every xq G M, there is a bi-submersion (W, r, s) of F\ compatible 

with F 2 such that xq G s(W). 

2 . If f {U,ru,su) (y,rv,sv) is a morphism of bi-submersions for Fi and (y,rv,sv) 
is compatible with F 2 , then {U,rv,sv) is compatible with F\. 

3. The bi-submersions of F\ compatible with F 2 form an af/asJl 

Proof. 1. Fix vector helds Xi,... ,Xn which generate Fi in a neighborhood of xq- For 
y = ( 1 / 1 ,... ,yn) e put ipy = exp(^ yiXi) G exp F. On M” x M, put so{y, x) = x 
and to{y,x) = Py{x). It is proved in [U section 2.3] that there is a neighborhood W of 
(0, Xq) in M" X M such that (W, t, s) is a bi-submersion for Fi where s and t are the 
restrictions of Sq and to- 

Let Y be the vector held on M” x M given by Y {y, x) = (0, ViXi) G M” x FM = 

X M). Since Y G s-^Fi (Z s F 2 , it follows that s F 2 is invariant under 
expT. We hnd that = (s o exp as desired. 

2 . As ru = rvof and Su = svof,wedndrfj^{F) = f~^{rv\F)) = f~^{sy^{F)) = sfj^iF). 

3. Let {U,ru,su) and (P, ry,sy) be bi-submersions (for Fi) compatible with J^ 2 - 

(a) Obviously, the inverse {U,su,ru) of {U,ru,su) is compatible with F 2 . 

(b) Recall that the composition {W,rw,sw) of {U,ru,su) and (l/,ry,sy) is con¬ 
structed as follows: dehne W = {{u,v) E U x V; su{u) = rv{v)} and for 

^To make it a set, take only bi-submersions defined on open subsets of for all N. Note that a 
bi-submersion {U,r,s) of F is then adapted to this atlas if and only if r~^F 2 = s~^F 2 - 
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{u,v) G W, set sw{u,v) = sv{v) and rw{u,v) = ru{u). As pu '■ {u,v) u 
and pv{u, v) v are submersions on W, and su o pu = ry o pv, we find 


= Pv\'f'v\j^2)) = Pv\sy\T2)) 

= S^\T2)- 


□ 

Proposition 12. The composition of a bi-submersion of compatible with J ^2 with a bi¬ 
submersion of J ^2 is a bi-submersion of J^ 2 - 


Proof. Let {U,ru,su) be a bi-submersion of iFi compatible with and {V,ry,sy) be a bi¬ 
submersion for J^ 2 - As previously let W = {{u,v) E U xV] su{u) = ry{v)} and denote 
by pu and py the projections on U and V. We set sw = sy o py^ rw = ru o pu and 

a = su o Pu = ry o py. 

Since {U,ru, su) is compatible with J ^2 we have : 


r^\j^2) = a-\j^2) = s^\j^2) 


In particular Cf°{W;keT dryr) -\- Cf°{W;keT dsw) C s-^{J^ 2 )- 
On the other hand 

0 “(iy;kerda) = {W'Mi dpu) ® iW'Mi dpy) 


s^{:F2) 


= Pv\C^{V-ke^dsy) + C^{V-ke^dry)) 

= C^{W] her dsw) + C^{W] her da) 

= Cf° {W ; her dpu) + {W ; her dpy) + {W ; her dsw) 
C C^lW; her drw) + her dsw) + C^{W] her dsw) 


□ 

Remark 13. Given bi-submersions {U,ru,su) and {U',r'jj,s'u) of and (l/,ry,sy) and 
iy',r'y, s'y) of J ^2 and morphisms f '■ U U' and g -. V ^ V', we obtain a morphism 
{u,v) I—)■ {f(u),g{v)) of bi-submersions U oV ^ U' oV'. 

4.2.2 Morphism on holonomy groupoids 

Let Gi be the (path) holonomy groupoids of y ([H Example 3.4.3 and Def. 3.5]). Let Gi be 
the groupoid associated with the atlas of bi-submersions of iFi compatible with J^ 2 - Let G 2 
be the maximal holonomy groupoid of J ^2 associated to the “maximal atlas” of all possible 
bi-submersions ([H Ex. 3.4.1]). 

Let {U,ru,su) in U{iFi), u E U and x = su{u). Choose a bi-submersion {V,ry,sy) and 
V E V representing the unit x E G® that is : 

• V eV satisfies sy{v) = ry{v) = x and 

• There is an identity bisection through v. This means that there is an open subset 
W E M and a smooth map j : W ^ V which is a section for both s and r. 
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According to proposition [12], the composition of {U, ru, su) and (V, ry, sy) is a bi-submersion 
for Let then U' be the open subset of U and dehne ip : U' ^ U o V hy 

1p{u) = (m,J O s(m)). 

According to remark [T3l the class of ip{u) in G2 only depends on the class of uinGi. Note 
also, that taking a bi-submersion (!/", ry, Sy) and v” G V representing the unit ru{u) G 
we hnd a bi-submersion V" o JJ for G 2 . As the class of v {resp. v”) is the identity at x {resp. 
ru{u)), the classes of {v",u) G V" o U {resp. {u,v) e U o V) and {v",u,v) E V" o U o V 
coincide. 

Finally, for any bi-submersion fo for J^i, bi-submersion V 2 for T 2 the class [(ui, ^ 2 )] of (^ 1 ,^ 2 ) G 
Vi o V2 is <^([ni])[n2]. 

We thus constructed a “smooth” morphism of groupoids (p : Gi —>■ G 2 . Smoothness means 
that for every 71 G Gi there is a bi-submersion [/ associated with Gi such that 71 is the class 
of some element in [/ and a smooth map ip from f/ is a bi-submersion V for J ^2 such that the 
diagram 

u^v 

commutes, where the vertical maps associate to elements of the bi-submersions their class in 
the corresponding groupoids. 

According to [2] and remark 3.13 of [T], the s-£bers Gi^x and (^ 2 , 3 ; are smooth manifolds. The 
restriction of 99 dehnes in particular a smooth map Gi^x (j 2 ,a;- 

By dehnition of the path holonomy atlas, the corresponding groupoid Gi is s-connected, since 
it is generated by any small neighborhood of the identity. More precisely, and thanks to |2], 
the s-£bers Gi^x are connected manifolds. It follows that p>{Gi) C G 2 - 

It follows that if (fo, ru, su) is a bi-submersion for J^i adapted to the path holonomy atlas of 
and (y, ry, sy) is a bi-submersion for J ^2 adapted to the path holonomy atlas of J^ 2 , then 
17 o y is a adapted to the path holonomy atlas of J^ 2 - 

4.2.3 The morphism of foliation C*-algebras 

For every bi-submersion {U,r,s) of 77 {i = 1,2), we denote by the bundle over U of 

half densities on the bundle ker dr © ker ds. 

Let (f/i,ri,Si) be a bi-submersion for 7 ^i and {U2,r2,S2) a bi-submersion for 7 ^ 2 - Put 
{W,riv, sw) = {Ui,ri,si) o (1/2, fo, 52)- Denote hy Pi : W Ui the projections. For 
w = (mi,M 2) £ ly, since rw = °Pi, and ker((ipi)^ = ker( 7 r 2 )n 2 ), we hnd exact sequences 

0 ]<iBi{dr2)u2 ker((irvi/)^ —)■ ker((iri)u^ —)■ 0 

and in the same way, 

0 ker((isi)„^ — )■ keT{dsw)w ker((is 2 )u 2 0- 
It follows that identihes with Qp^'^Ui © Qp^‘^U 2 . 

The algebra G*{M,J^i) is constructed in [U section 4.4]. Recall that for every bi-submersion 
U in the path holonomy atlas of 77 we have a linear map 0f : Gp^{U-,D.^^‘^) —)■ G*{M,J^i), 
and that given an atlas {Uj)j^j of bi-submersions adapted to the path holonomy atlas, the 
vector span of ©f-’ : G'^{Uj]Qp^‘^), j G 7 is dense in G*{M,J^i). 
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Proposition 14 . 1 . There is a morphism $ : C*(M, J^i) —)■ M.{C*{M, J^2)) characterized 

by the equality • /2) for every bi-submersion Ui for 

T\, every bi-submersion U2 for J^2, every fi G f2 G C“(f/2; 

where /i • /2 G C^{Ui o f/2; ° ^2)) is the restriction to Ui 0U2 Ui x U2 of 

/i (8) /2 e C^iUi X U 2 -, (8) 

The morphism $ is non degenerate. 

Proof. 1. We prove that, given a (faithful) representation izr2 of C*(M,^^2), there is a 
representation zui of C*{M,iFi) such that {fi))zu2{Qi^{f2)) = '002(^2^°^^if 1 • 

/a))- 

Recall from [H section 5] that the representation •072 corresponds to a triple (p, H, 712) 
where p is a measure on M which is quasi invariant by G2, H = iHx)x&M is a /i 
measurable held of Hilbert spaces and 112 is a representation of G2 on the held (/i, H). 

Fix a a bi-submersion (f/i,ri,si) for iFi. Let (1/2,''"2, S2) be a bi-submersion for J^2, 
denote by (IF, rw, sw) fhe composition Ui o U2 and let pt : W ^ Ui he the projections. 
Put also q = Si o Pi = r2 o p2. 

(a) We show that /i is quasi-invariant by the groupoid Gi. Choose positive smooth sec¬ 

tions of the bundles of 1-densities of the bundles kerdsi, keTds2, kerdri, keTdr2. 
Thanks to these choices we construct measures poA’’^ and on Ui, measures 

fi o and p o A^^ on t/2 and measures fv o A^’^ and fv o A^'^ on W. Consider also 
the measure /i o A^. As (IF, r^, sw) is a bi-submersion for T2 as well as (IF, g, sw), 
it follows that the measures pi o A^'^ and p. o are equivalent. Using a cover 
of si(f/i) by open sets of the form r(f/2), we deduce that p o A'"^ and p o A^^ are 
equivalent. This being true for every bi-submersion Ui, it follows that the measure 
p is quasi-invariant by the groupoid Gi. 

(b) IFe construct a representation tti of the groupoid Gi. Associated with the bi¬ 
submersions iU2,r2,S2) and (IF, svv) for J^2, we have measurable families of 
isomorphisms 7 ru 2 iu 2 ) ■ Hspu2) -^r2(«2) ^nd TTwiui,U2) : Lfs2C2) 

We wish to dehne Tiuiiui) ■ —t Hrpm) by putting (almost everywhere) 

T^Uiiui) = T^wiui,U2) o 7 Tu 2 iu 2 )~^- To do SO, we dehne the measurable section 
over VF by setting 7 tuiiui,U 2 ) = TTwiui,U2) o TTu2iu2)~^ and show it is constant 
(almost everywhere) along the hbers of pi : IF —)■ Ui. Let {U2,r2,S2) be another 
bi-submersion for J^2- Since the identity of U2O Ui o U2 is an isomorphism of bi¬ 
submersions between the composions U2 o {Ui o U2) and (f/2 o Ui) o U2, it follows 
that, (almost everywhere in t/2 o t/i o U2) we have 

“2) = T^U!2oUiiu'2,Ui)'Ku2i'02) 


whence 

'^UioU2i'OliU2) O Ti'U2i'02) ^ = 7r(7'(M2) ^ ° ^{/;^o(7i (^2; "^l)- 

This shows that 7r;7^(Mi,M2) is independent on M 2 , i.e. is constant along the hbers 
of pi. 


The triple (/i, H, tti) yields now a representation wi of C*(M, J^i) on the Hilbert space 
L^(M, p, H) of sections of the bundle H. 
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Recall that the representations wi and are dehned on any bi-snbmersion (V, sy) 
of J^i by setting Wi o QJ = where, for / e C^{V ; and ^ G L‘^{M, /r, H), we 

have a formnla: 

if)iOix) = [ (1 p^{v)){f{v))7rY {v){^{sv{v)))D^{vy/\ 

Jv^ 


Recall that: 

• V^ = ry\x)- 

• is an isomorphism between 0}^“^ ker dsy and 0}^“^ ker dry corresponding to the 
choice of a Riemannian metric on M, thns (1 0 p^{v)){f{v)) is a 1-density on 
and thns can be integrated; 

• the isomorphism p^ is nsed to compare Lebesgne measnres on the hbers of sy and 
of r'^] nsing it we obtain the Radon Nikodym derivative between the measnres 
p o and p o A'’'^ which is used in this formula. 

It is an easy check that, under the identification Q}^‘^{UioU2) with {Ui) {U2) ■, 

we have M 2 ) = P^^iui) ® p^'^iu^) and also M 2 ) = D^^{ui)D^'^{u 2 ). 

One then checks immediately the equality {fi)^ 2 ^{f‘ 2 ) — • / 2 )- 

2. Take a bi-submersion Ui for J^i, a bi-submersion U 2 for J^ 2 - Let (mi,M 2 ) G f/i o U 2 . If 
the class of mi is a unit of Gi - i.e. if Ui carries an identity dissection through mi , then 
the classes of (mi,M 2 ) and M 2 coincide. It follows that the bi-submersions of the form 
Ui o U2 form an atlas of bi-submersions equivalent to the path holonomy atlas of J^2 
and therefore the span of • / 2 ) is dense in C*{M, ^ 2 )- The result follows. □ 

4.3 Stability 

Since for every x G M there is X G such that 7 ^ 0, we can hnd, using the construction 
of section 12.11 

• a locally hnite open cover (IT’n)neN; 

• for every m G N a submanifold Un C Wn (closed in Wn) and a compact subset Ld c Un] 

• a vector held X„ G X, 

such that 

• (f, m) i-G- exp^Xr.i'^) ^ diffeomorphism /„ : ] —1,1[ x [/„ —)■ Wn, 

riGN 


It then follows from section 12.21 that we can construct a family of open sets Vj satisfying the 
properties explained in step [2J 

The vector held Xn dehnes a subfoliation Xn = {/X„; / G C^(M)} of X. Of course X„ 
dehnes also an action of M on M and C*{M-, Xn) is a quotient of C{M) (the holonomy 
groupoid of (M, Xn) is a quotient of M M since M x M is an s-connected Lie groupoid 
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with associated foliation J^n)- Now it follows from the construction above that, if n = n{j), 
the characteristic function qj of Vj is a multiplier of C{M) X/ 3 „ M and thus of C*{M] Tn) 
and dually, thanks to proposition [TH of The image of Qj as a left multiplier of 

C{M) R is Co{Vj)(c{M) r), therefore qjC*{M,T) = Co{Vj)C*{M, J^). 

As C*{Vj,J^n) is stable and acts in a non degenerate way on qjC*{M,J^), it follows that the 
Hilbert-C*(M, module qjC*{M, J^) is stable. Finally, putting q = '^^qj, we hnd that 
qC*{M,F) is stable. 

To conclude, we prove that the Hilbert-C'*(M, module qC*{M, J^) is full. It follows from 
corollary [6] that the Hilbert-C*!]!/, module C*(M,J^) is stable, i.e. that the C^-algebra 
C*{M,J^) is stable. 

Proposition 15. Let W (Z M be open. Assume that W meets all the leaves of T. Then 
Co{W)C*{M, T) is a full Hilbert submodule of C*{M,H). 

Proof. Note that if x, ?/ G M are in the same leaf, there is a bi-submersion (t/, r, s) in the 
path holonomy atlas and u E U such that r{u) = x and s{u) = y. It follows that for every 
X G M, there is a bi-submersion {U, r, s) in the path holonomy atlas such that x G s(l7) and 
r(f/) C W. 

Let It = (Hi, Vi, be a family of bi-submersions dehning the path holonomy atlas of 

H. For i E I, put U- = {u E U; ri(u) G IF}. Define then U = (Ui,j,rij, Sij)(^ij)^j 2 where 
Uij = (U'i)~^oUj = {(u,v) E UiXUj; ri(u) = rj(u) G IF}, and where we put n) = Si(u), 

and Sij(u,v) = Sj(v). 

Note that since fT o ^ is adapted to U, it follows that IJij o f/^ ^ is adapted to U. We deduce 
that U is an atlas. It is obviously adapted to U] on the other hand, since U is minimal, it is 
adapted to U. 

It follows that the subspaces Cf°(Uij) span a dense subalgebra of C*(M,H) and therefore 
{f*9'i f ^ C?°(U'i), g E C'P(U'i)} span a dense subalgebra of C*(M,H). As the image of 
C^(U'k) is in Co(W)C*(M, F), the result follows. □ 

This ends the proof of theorem [2j 

Remarks 16. 1. Note also that since the reduced C^-algebra of the foliation is a quotient 

of the full one, it is also stable if F vanishes nowhere. 

2. As C*(M,F) corresponding to the minimal (path holonomy) atlas is a sub-algebra 
of the C*-algebra of any atlas in a non degenerate way, it follows that, under our 
assumption that F vanishes nowhere, all these C'*-algebras are stable. 
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